We analyze the quark-mass dependence of electromagnetic properties of two and three-nucleon states. To that end, we apply the pionless effective field theory to experimental data and numerical lattice calculations which simulate QCD at pion masses of 450 MeV and 806 MeV.
. Magnetic polarizabilities of helium-3, For all three pion masses, we compare the point-charge radii of the two and three-nucleon bound states.
The sensitivity of the electromagnetic properties to the Coulomb interaction between protons is studied in anticipation of lattice calculations with dynamical QED.
I. OVERTURE
Knowledge regarding the orbital angular momenta and spin orientations of the nucleons, bound in the core of an atom, led to a quantitative understanding of the (hyper)fine structure of the electron shell, i.e. , atomic spectra, and the dynamics of nuclei in external electromagnetic fields. The pioneering experiments on nuclear magnetic moments were based purely on their electromagnetic interaction, e.g. , inferring the dependence of resonance frequencies of hydrogen molecules on an external magnetic field [1] . Such experiments helped thereby to parametrize nuclear properties in terms of the fundamental constants of quantum electrodynamics (QED). The lattice quantum chromodynamics (LQCD) calculations of the same observables, i.e. , responses of nuclei to external fields, assume analogously the validity of QCD for nuclei and parameterize them in terms of the constants of the strong interaction. While both experiment and QCD, in principle, yield the desired property of every nucleus, clearly not all experiments nor all LQCD extractions are practical. The predictions which were initially made to fill in these gaps were based on pairing models for closed-shell nuclei [2] and required a determination of only the neutron and proton magnetic moments. Refinements [3] of this model gave insight to the structural details of few-nucleon wave functions, e.g. , D-state admixtures [4] . The fundamental correlation between nuclear wave functions and electromagnetic responses is part of the description of nuclei in terms of effective field theories (EFT). Matching these EFTs to LQCD data is believed to yield a predictive theory.
In this article, we apply a candidate for such a theory EFT( π), as developed in Refs. [5] [6] [7] [8] [9] , to analyze the structure of two and three-nucleon systems through their interaction with external electromagnetic probes. The availability of LQCD calculations at unphysically large quark/pion masses is combined with experimental data to assess the dependence of charge radii, magnetic moments, and polarizabilities on nucleon masses, deuteron-triton binding-energy splittings, and bound states in the two-nucleon singlet channels. Furthermore, we assess the expected gain in accuracy from dynamical QED, incorporated into the LQCD extractions of these observables.
II. INTERACTION BETWEEN NUCLEONS AND THE ELECTROMAGNETIC FIELD
Based on the non-relativistic character of nucleons as constituents of nuclear bound states, their interaction with external electromagnetic fields and charged nucleons can be described through a combination of EFT( π) with non-relativistic quantum electrodynamics (NRQED) [10] . The Lagrangian of this effective nuclear theory is expressed in terms of an iso-spin doublet field N = p n , which comprises a two-component Pauli spinor for the proton (p) and the neutron (n), as the most general density conceivable under the constrains of gauge invariance, locality, hermiticity, parity conservation, time-reversal symmetry, and Galilean invariance. To leading order (LO) in the strong interaction and to order 1 m in the Foldy-Wouthuysen-Tani expansion of the Dirac theory, the effective theory, as relevant for the A-nucleon one-photon sector, reads [6] 
Where, here, and throughout this work, neutrons and protons are assumed to have the same (quark mass dependent) mass m = m(m π ). A, B are the three-dimensional electromagnetic vector potential and magnetic fields,Q = 1 2 (1 + τ 3 ) is the charge operator, andĝ N = g p n (1 ± τ 3 ) the singleparticle magnetic moment. P i andP 3 are projections onto two-nucleon spin triplet and singlet states, respectively.
Three bare low-energy constants (LECs) c S , c T , d 3 parameterize the strong interaction and need to be determined by a matching procedure as well as the four LECs, {g p , g n , l 1 , l 2 }, which couple the gauge field to the nucleon(s). Without its kinetic terms, the radiation field is static. In the Coulomb gauge, the equation of motion for A 0 is time independent and can be integrated to yield
where the total charge density in the numerator may contain dynamical and static (ρ ext ) parts. The former constitutes the Coulomb interaction if substituted in the second term of the Lagrangian.
Through the static distribution ρ ext the single-nucleon current is coupled to an external charge.
Matrix elements of this operator are usually parameterized by the point-charge radius (see below).
The unnatural scaling of the interaction terms with respect to a peculiar low-energy scale ℵ ∼ 1 a s (a s is the scattering length), and a breakdown scale of the order of the pion mass m π demands a non-perturbative treatment of the three strong LECs, while the four magnetic couplings are perturbative 1 . Of the latter, the two-body parameters l 1 , l 2 are suppressed by 1 m π relative to the interacting nucleons to values below ∼ m π 2. Within this range, the Coulomb interaction is non-perturbative for momenta ≲ e 2 m 4π [11] and requires an additional counter term. For momenta of the order of e 2 m 4π or larger, e.g. , in the helion bound state [12, 13] , the interaction is perturbative. The Lagrangian, subject to these rules, defines EFT( π) for the description of light nuclei in the presence of an external magnetic field and Coulomb-interacting protons. For practical few-nucleon calculations, we translate the Lagrangian and the power counting into a nuclear HamiltonianĤ nucl and an interaction HamiltonianĤ nucl−B between the nucleons and the magnetic background field.
whereV 2b ,V 3b are the two and three-body potentials,
The regulated delta functions are given by a gaussian with a smoothing parameter Λ,
The interaction between the nucleons and the magnetic field is exressed through the magnetization density currentĤ
where,
and
µ N = e ̵ h 2mc is the, m π dependent, natural nuclear magneton (nNM). The process of eliminating the Λ dependence for a set of observables by absorbing it into the LECs is indicated by the superscripts. Divergences from the above-mentioned non-local Coulomb repulsion are renormalized by c Λ pp . Like the nucleon mass and the proton charge, the gyromagnetic factors g p , g n of the nucleons substitute bare LECs. Projection operators for the two and three-nucleon channels are written explicitly with standard SU(2) (iso)spin matrices.
To solve the two and three-body Schödinger equation withĤ nucl in order to determine bound and scattering states whose properties are used to calibrate the LECs, and whoseĤ nucl−B matrix elements yield their leading electromagnetic characteristics, we employ two numerical techniques: the effective-interaction hyperspherical-harmonic (EIHH) method [14, 15] , and the refined resonating-group (RGM) method [16] . Details of the numerical implementation of both methods can be found in Ref. [17] and references therein. Besides benchmarking the two numerical techniques, we compare their results with an analytic two-nucleon calculation in the so-called zero-range approximation which is identical to EFT( π) for an infinite regulator Λ.
Having defined the formal structure and the algorithms used to solve the theory, we specify observables presumably within its range of applicability in order to, first, calibrate the LECs, and second, to exploit its predictive power. As in Ref. mass. This interpolation is analogous to that in Ref. [18] where it was used to predict the radiativecapture cross section np → dγ at physical m π from data at 450 MeV and 806 MeV pion mass. The available constraining observables are listed in Table I along with their numerical values.
A comment about the Coulomb interaction between protons is in order. While the protonproton scattering length and the 3 He binding energy are known experimentally, LQCD calculations which consider some version of QED for the electromagnetic interaction of the quarks are, as of now, unattainable. In order to estimate the effect of dynamical U(1) gauge fields, we proceed as follows. We assume that QCD corrections to the QED fine-structure constant α are insignificant for the accuracy of this work. What justifies the perturbative treatment of the Coulomb force for physical 3 He holds also for the bound two and three-nucleon states containing two protons,
i.e. , the pp singlet, and 3 He with heavier pions. These systems should even be more amenable to a perturbative expansion because of the larger binding momenta associated with their binding energies ( Table I ). An ansatz for the effective interaction resultant from quark QED as a Coulomb exchange, whose iterations should be strongly suppressed in bound states, and a counter term to renormalize low-energy amplitudes seems appropriate. We expect this "model" to shift the diproton binding energy by the amount an iterated Coulomb interaction with α = α physical determines, plus a correction from c pp to eliminate cutoff dependence. We fixed c Λ pp by enforcing the split B(np) − B(pp) = 0.5 MeV. As this differs from a splitting induced by Coulomb by ≪ 1 MeV over the considered cutoff range (see discussion of Fig. 1 ), we cannot discriminate the ensuing c pp from other values which set the splitting at values which differ by ∼ 1 MeV. All choices for the splitting correspond to different effective QED models of which we assess two, c pp to yield the 0.5 MeV splitting and c pp = 0 to yield an insignificantly Λ-dependent splitting ≲ 1 MeV.
III. RESULTS
The EFT defined above is utilized to pre/postdict electromagnetic characteristics of the protonproton, the singlet-neutron-proton, the deuteron, triton, and helium systems in the form of pointcharge radii, magnetic moments, and magnetic polarizabilities. Numerical results are compiled in Table II as obtained for the three pion masses where enough data is available to renormalize the EFT. The uncertainties are to be viewed as lower bounds as they are inferred solely from the Λ sensitivity. For the consistency analysis discussed in subsection III A, we also considered the uncertainty in the input data but used the central LEC values for subsequent calculations. ]). Preexisting experimental [19] or LQCD values [23] are written below EFT postdictions. Single entries represent true EFT predictions. 3.9(4) 10 does not indicate a severe cutoff dependence, e.g. , in predictions for the 3 He binding energy or the proton-proton scattering length. This fallacy is a consequence of the specific regularization chosen here, and was avoided in, e.g. , Ref. [30] with a different scheme, and in Ref. [12] with the same formalism as employed in this work. Within our scheme, we find the divergence only by splitting the LEC in the pp channel as shown.
For the coupling of the photon to the two-nucleon vertex, i.e. l 1 , l 2 , we observe an asymptotic behavior of lim
This dependence can be derived analytically by understanding the limit Λ → ∞ as the well-known zero-range approximation (see Appendix B). The relatively slow convergence and the different behavior at small Λ of l 1 at m π = 806 MeV (green solid, Fig. 2 ) is consistent with previous findings [17] , which already showed the necessity of larger cutoffs for this large pion mass due to the associated large binding momenta. Another peculiarity at the largest pion mass is the sign difference of l 2 compared to the physical point. This is understood from the comparison of the deuteron's magnetic moment to those of its constituents. At leading order, This follows from the structure of the l 1 operator (Eq. 9) whose isospin matrix element flips sign, while spin and coordinate-space matrix elements are identical at 806 MeV and almost equal at physical m π .
Consistency between data and theory is attested in Fig. 3 by an overlap region of all four bands. The l 2 (l 1 ) dependencies shown in the figure are for extrapolations Λ → ∞ from the interval
in which the necessary matrix elements were obtained. The EFT uncertainty is not explicit in the graph, but it is responsible for the three physical lines not intersecting in a point.
In the m π = 806 MeV case, we see a similar situation considering constraints due to magnetic moments. On the other hand, the transition matrix element t 01 seems to be inconsistent with the other observables, although still acceptable since it is within the current LQCD error bars.
B. Three nucleons at m π = 450 MeV
We begin the discussion of observables at the pion mass where not enough data has been calculated to calibrate all LECs, and we rely on interpolated values for l 1 , l 2 , as described above. in Fig. 4 for the two unphysical pion masses. Results at LO and NLO in the coupling of the magnetic field are shown. For B3 H slightly larger than the threshold energy B D , the LO dependencies converge to a constant, while at NLO, µ3 H rises linearly with B3 H . In the limit of B3 H → B D , i.e. , for barely bound, very shallow states, all curves approach the naïve limit µ3 H ∼ 2 3µ D − 1 3µ n of a free deuteron-neutron system with appropriate spin orientation. In the other limit, B3 H → ∞, LO results are identical to the shell-model/Schmidt [31] values and thus provide a deep consistency check for the numerical method to produce the compact triton. The deviation δµ3 H from the Schmidt limit due to the photon coupling to the two-nucleon contact is about 15% and vanishes only at threshold. Above some critical binding energy, about 2-4 MeV above threshold, δµ3 H changes linearly with B3 H .
Assuming that 3 2B D (450) < B3 H (450) < B3 H (806), the correlation in Fig. 4 yields the constraint:
A linear interpolation between B3 H 's at physical and 806 MeV m π suggests a central value of B3 H = 29.7 MeV.
C. Charge radii
We shall employ the theory now to analyze the spatial distribution of nucleons within a nucleus at all three pion masses. Canonically, this is encoded in the radial moments of a nucleus. These moments are expansion coefficients of form factors. We consider the coupling of a nucleus to an external electric charge distribution which is parameterized with a charge form factor
It is implicit in this expansion that the Lagrangian Eq. 1 does not contain a coupling of the external charge to a four-nucleon vertex. Thus, it suffices to consider the one-body, scalar coupling via ρ ext (Eq. 1), analog to the leading contribution to the magnetic moment (see below). Two-body-current contributions to the charge radius appear at O(Q 3 ) as described in Ref. [32] , and thus the pointcharge radius calculation for an A-nucleon bound state with Z protons amounts to:
We obtain the bound-state wave function as a solution of the Schrödinger equation in coordinate space with the above defined interaction. Nucleons are assumed to be point-like in this approach, and hence the comparison with experiment becomes more favorable if the datum, the charge radius ⟨ r 2 c ⟩, is corrected by a finite proton and neutron size 2 , ⟨ r 2 c ⟩ = ⟨ r 2 p ⟩ + R 2 p + N (A − N )R 2 n . The A = 2 case -The dependence on the Gaussian regulator for all two-nucleon bound states at the physical and two unphysical pion masses is given in the left panel of Fig. 5 . We find The A = 3 case -The Λ dependencies of the point-charge radii of the triton and 3 He (Fig. 5) suggest again approximately equal theoretical EFT uncertainties for all pion masses, as inferred from the shape similarity of the respective curves. Again, the main motivation for this analysis is to assess the sensitivity of the observable with respect to electromagnetic interactions between the nucleons. At m π = 137 MeV, the additional proton in 3 In our analysis, we therefore idetify the breaking of the Wigner SU (4) symmetry, as the main source of this differnce in the point-charge radii of 3 H and 3 He. For an SU (4) symmetric triton or helion we would expect the neutron point-charge radius to be identical to the proton point-charge radius, and to the matter radius. The breaking of this symmetry enlarges the radius of the majority species, since the 1 S 0 channel is less attractive then the 3 S 1 channel. At higher pion masses [17] the SU (4) symmetry is restored, and as a consequence we see the point proton charge radius difference shrinking with increasing pion mass.
The conclusion is the same as in the two-nucleon sector: the QED uncertainty in LQCD pre-dictions of this observable at the large pion masses is expected to be negligible.
Comparing the A = 2 & 3 cases -A comparison of radii in two and three-nucleon systems supports the refutations of a correlation between system size, as measured by the point-charge radius, and binding energy. At m π = 137 MeV, this correlation would still yield the correct hierarchy with the triton as the most deeply bound, and thus smallest, system, followed by 3 He, which is less deeply bound and larger, up to the largest and shallowest deuteron. In contrast, we find all threenucleon systems larger in size at the unphysical pion masses relative to the np bound states, despite the fact that the latter are much less deeply bound. At m π = 450 MeV, two and three-nucleon systems have the same charge radius given the uncertainties. The counter-intuitive ordering of two and three-nucleon radii is a first indication of the peculiarity of the NN system at m π = 806 MeV.
In conclusion of this section, we note that the orderings are unaffected by the regularized Coulomb interaction and consequently should be characteristics of the strong interaction. (12) In Table III we present the evolution of the nuclear magnetic moments in EFT(π ). The values of shell-model approximation yield the magnetic moment as the sum of the single particle contributions with appropriate spin orientations. This simple approximation works well within 15% for m π = 137 MeV, and m π = 806 MeV, for all considered nuclei. We then consider the coupling of the LO EFT( π) magnetic one-body currents to a bound nucleus, as first refinement of the shell model.
D. Magnetic moments
As expected, the deuteron magnetic moment is unaffected. However, the agreement between theory and data gets worse for the A = 3 nuclei, particularly at the physical pion mass. To understand this result, we should return to the discussion in III B and consider the competing pictures of a compact A = 3 nucleus versus a shallow cluster state composed of a neutron or proton orbiting around a deuteron. For a compact nucleus, the single-particle picture: µ3 H = µ p , and µ3 He = µ n , dominates. For a clustered state, we expect that µ3 H → (2 3µ D − 1 3µ n ) as B3 H → B D , and therefore to obtain a smaller magnetic moment (this argument applies equally to 3 He). This explanation is consistent with the difference in binding energies between the rather shallow trimers at the physical pion mass, and the deeply bound m π = 806 MeV trimers.
The two-body magnetization current that appears at NLO, reconciles the theory with the available data. For the physical case we see an agreement at the 2 permil level. This might not be that impressive as l 1 was fitted to reproduce the 3 H magnetic moment. In contrast the A = 3 results for the m π = 806 MeV case are prediction of our theory, and it can be seen that they agree with the LQCD data within error bars.
The discrepancy between the nuclear magnetic moments and theoretical predictions relaying on the one-body magnetization current, only, have a history in nuclear physics. It was suggested, 
E. Magnetic polarizabilities
In general, polarizabilities parameterize the second-order response of a system to an external probe. The dominant terms, which are quadratic in the magnetic field, are provided in the EFT( π) formalism by an additional insertion of the one and two-body magnetic-moment couplings as given in Eq. 8 and 9. The system is thereby subjected to the probe at different points in space time, and the polarizability is then sensitive to its deformation. In coordinate-space Schrödinger-equation practice, the calculation is analogous to a second-order perturbation of the energy, see Appendix C. Again, the zero-range approximation in the two-nucleon case allows for an analytic derivation of the cutoff dependence of this quantity. This estimate was made in [33] , and yields a cutoff-independent polarizability of the deuteron.
The results for the magnetic polarizability of the deuteron β D , triton β3 H , and helium β3 He are listed in Table II At m π = 137 MeV, our postdictions for β D are consistent with previous theoretical analyses and extractions based on cross-section data (see Table II ). The absolute value of β D is two orders of magnitude larger than the single-nucleon polarizabilities and justifies, in part, why we call the deuteron a shallow nucleus. Our predictions 4 for β3 H and β3 He signify relatively compact, rigid three-nucleon bound states because they are of the same order of magnitude as β n p .
At m π = 806 MeV, all polarizabilities, neutron/proton, deuteron (with j z = ±1), and the threenucleon states, are found by LQCD to be of the same order of magnitude. In particular, this entails a deuteron which is by that measure as rigid, compact as the one and three-nucleon states. This rigidity is consistent with the relatively large deuteron binding energy at m π = 806 MeV. The EFT postdictions, in turn, suggest a different response. For j z = ±1 we get β D ≈ 0, but for j z = 0 we find β D two orders of magnitude larger than β p n and therefore relatively pliant, like at m π = 137 MeV. Furthermore, we postdict β3 H and β3 He an order of magnitude smaller than the LQCD predictions.
Even the relatively large numerical uncertainty (see β3 H at Λ = 8 fm −1 in Fig. 7 ) cannot account for this difference.
IV. SUMMARY
We have analyzed the pion-mass dependence of magnetic moments, charge radii, and polarizabilities of the deuteron, triton, and helion as characteristics of nuclei in external electromagnetic fields. The observables were calculated model-independently according to the pionlesseffective-field-theory formalism as developed for physical few-nucleon systems. For unphysical pion masses, calculations were based on a previously applied match of this theory to lattice QCD data. The robustness of the results with respect to different models to account for the electromagnetic interaction within two-proton systems was assessed.
Results which pertain to physical nuclei are consistent with data and previous calculations.
The polarizabilities of the triton and helion are included as predictions awaiting experimental verification.
For the analysis of lattice data at m π = 450 MeV, we calculated the dependence of the triton's magnetic moment on its binding energy. This dependence is found to approach the shell-model limit at large binding energies and to decrease linearly up to a discontinuity at the deuteron-neutron threshold. The relatively small slope of the linear dependence leads to a prediction of the magnetic moment of the triton and helion. A conjectured triton binding energy based on this prediction is found consistent with a linear dependence of this energy on the pion mass.
Charge radii and magnetic moments of two-proton-nuclei are found insensitive with respect to different models for the electromagnetic interaction between constituent protons relative to the accuracy which is expected from a NLO EFT analysis. Nuclei at larger pion masses are found to be more robust in the two scenarios we used to estimate the effect of dynamical QED.
In terms of the magnetic polarizability, we found the deuteron much more pliable relative to the one and three-nucleon QCD calculations, and of the same order of magnitude as the physical deuteron. In the following table we list the LECs used in our calculations. 
